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ABSTRACT
In this survey, we give a brief account of the history of pseudo-linear maps since their introduction by N.
Jacobson in 1937. The (σ, δ)-pseudo-linear transformations are introduced via the modules over a skew
polynomial ring. Many classical properties of linear maps are shown to have analogues in the setting
of (σ, δ)-pseudo-linear transformations. The relations between these maps and the evaluation of skew
polynomials are emphasized. It is shown, in particular, how they are useful when evaluation inside a
conjugacy class is considered. The evaluation of Ore polynomials with more than one variable is shown to
be related to a sequence of pseudo-linear maps. We also briefly present a recent application that allows to
easily answer an open question. Many examples are presented all along the text.
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1 Introduction

Linear maps are connected with many branches of pure and applied mathematics. They
are important tools in Physics, mechanics,... They are related to matrix theory, classical
geometry, algebraic geometry, computer science,... Classically, the study of a linear map
T defined on a k vector space V is connected with the polynomial ring k[x]. Indeed,
T induces a k[x]-module structure on V via x.v = T (v) and conversely a k[x]-module

*Corresponding author

1. Université d’Artois, Faculté Jean Perrin, Rue Jean Souvraz 62 307 Lens, France.

andre.leroy@univ-artois.fr

26

https://gja.intrasci.net/
https://gja.intrasci.net/
https://doi.org/10.65908/gja.2026.8125.1012


A. Leroy 27

structure on V gives rise to a linear map via the action of V . This fruitful relation is
reinforced by the use of matrices representing T . Many notions appear like eigenvalues,
characteristic polynomials, companion matrices, invariant subspaces, decompositions of
V ,...
While working with modules equipped with various other structures, we can consider
linear maps that respect these additional structures. In this survey, we will look at a ring
extension sometimes called Ore extensions over a base ring A and denoted A[t;σ, δ]. Let
us first say a few words about these rings.
Prompted in particular by various considerations related essentially to the algebraic point
of view of differential equations, Øystein Ore introduced in [31] the so-called skew poly-
nomial rings. They encompass both actions of automorphisms and of derivations. Ore
considered these polynomials with coefficients in a division ring K and denoted them as
K[t;σ, δ] (see below for a complete definition and some examples). The noncommutative
aspects of this construction were quickly used to construct examples and counter-examples
in ring theory. More recently, the factorization properties of skew polynomial rings have
been used in coding theory (cf. [2],[3],[4]) . Later many papers appeared considering both
the ring theoretical structure and the more arithmetical properties of these polynomials.
The interested reader can consult books such as Jacobson [12],[14], PM Cohn [6] or T.Y.
Lam [17], J. Dauns [8]. The base ring was no longer assumed to be a division ring, more
variables were considered. Specific ideals, modules were introduced and used to obtain
results on the skew polynomial rings. Writing the names of Authors who have been us-
ing these polynomials is similar to writing a who’s who chapter in noncommutative ring
theory.
The topic of this survey is the Pseudo-linear maps. These objects were introduced by
N. Jacobson in [11] and are the analogues of linear maps but in the noncommutative
setting of Ore extensions. In other words just as linear maps are attached to modules
over polynomial rings, the Pseudo-linear transformations are attached to modules over
skew polynomial rings. The most famous pseudo-linear maps are perhaps the semi-linear
ones (the derivation is the zero map). Indeed, in projective geometry, if the base ring is a
field (hence commutative) the collineations correspond to semi-linear maps of the vector
space. The semi-linear and pseudo-linear transformations were studied, in particular, by
N. Jacobson in [13] [14], by PM Cohn [6], who used these to construct embedded division
algebras K ⊆ L such that the right dimension of L as K vector space is finite, but the left
dimension of this extension is infinite [7].
Another place where pseudo-linear maps are useful is when considering evaluation of poly-
nomials. In full generality, if we consider evaluations of a polynomial when the base ring A
is not assumed to be commutative, the variable t shouldn’t be assumed to commute with
the constant. So that even with only one variable, say t, we should regard monomials of
the form at, tb, atbt2c, ... , with a, b, c ∈ A. These have been considered (cf. for examples
PM Cohn [7], Fuchs [9]) but we will essentially consider skew polynomial rings as intro-
duced formally by Øystein Ore. In a noncommutative setting evaluation of a polynomial
is a delicate matter. Many classical properties have to be reconsidered and amended.
Obviously, we have to consider right and left evaluations even if the variable commutes
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with the scalar. On the other hand, while using variables that do not commute with the
scalars, the evaluation should take into account the commutation rules. While studying
for instance algebraic theory of differential equations, we need to introduce other con-
cepts to handle the derivations. In this context, the indeterminate should act as a given
derivation. Similarly, if we consider an endomorphism of some free module, in this case
the action of the variable should reflect the endomorphism. Pushed by these kind of mo-
tivation Øysteyen Ore introduced skew polynomials over division rings in 1933 (cf. [31]).
The skew polynomial rings denoted by R = K[t;σ, δ] takes into account K is a division
ring, σ an automorphism and δ a σ-derivation. They are the right objects that allow to
see an automorphism or a derivation as the action of a ring and gives rise to R-modules.
Since these Ore extensions are left and right Euclidean (remember σ was supposed to be
an automorphism and K a division ring) factorizations are ”available” (in fact, there is a
”unique factorization” which happens more generally in the frame of 2-firs) and this con-
nects with invariant submodules and decompositions of the ambient free module. In this
more rigid setting the roots and their connections with factorizations have been studied
in particular by Lam-Leroy (cf. [22], [23],[24],...), we will recall some of their features in
this survey.
The modules over skew polynomial rings are given by pseudo-linear maps just as linear
maps are attached to modules over usual polynomial rings. Pseudo-linear maps were intro-
duced by Jacobson in 1937 [11]. A particular case of these maps, called semi-linear maps
naturally appear in projective geometry. This is natural since they preserve collineation;
more explanations will be given after the precise definition of PLT. The relation between
PLTs and evaluation of Ore polynomial is very strong. Classically the use of these maps
gives rise to a product formula even when the base ring is not a division ring. An at-
tempt to construct some noncommutative algebraic geometry was developed in [30]. This
paper develops a systematic and unified framework for studying linear equations over a
division ring equipped with a pseudo-linear transformation. The aim is to construct a
workable analogue of classical affine algebraic geometry-Zariski topology, morphisms, di-
mension theory, and Nullstellensatz-within a noncommutative environment where usual
commutative tools fail. The theory simultaneously encompasses difference algebra (via
ring morphisms) and differential algebra (via derivations), by encoding both in the notion
of a pseudo-linear operator.
Recently, the PLT appeared also in connection with multivariable extensions. In this set-
ting they are also connected with evaluations and hence connected with algebraic geometry
in a noncommutative frame. Some noncommutative arithmetic could also be considered
as connected with PLTs via the evaluation.
Let us sum up what was just said: The study of PLTs is motivated, amongst others, by
the following: they appear naturally in projective geometry, they describe the modules
over Ore extensions, they are essential tools for the evaluation (and hence to zeroes) of
skew polynomials with coefficients in a ring.
Let us now briefly describe the content of this survey.
We will first consider the case of vector spaces over division rings. Many of the classical
concepts have analogues in this context. In particular, we will see eigenvalues, roots of
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polynomials, companion matrices, Wedderburn matrices, Algebraic PLTs,...
Skew polynomials with coefficients in a general ring and the pseudo-linear transformations
will be considered and the fruitful connection is described and used to get important facts
relating roots of a polynomial in conjugacy classes.
Two kinds of skew polynomial rings with more than one variables are studied. The at-
tached twisted linear maps are used to connect their kernels and the evaluations of the
polynomials.
We show the strength of the PLT approach by solving a question raised by Werner [36] in
a far more general context than the original question.
We end this survey with some questions and remarks paving the way for future work.

2 One variable

a) The classical case.

Let k be a field and V a k-vector space. There is a one-to-one correspondence between k-
linear maps T : V → V and k[x] module structure on V . This correspondence gives insight
into the subject. Many concepts show up in this setting like characteristic polynomial,
eigenvectors, diagonalisation, decomposition in invariant subspaces... Analogues of these
exist in the setting of linear maps over free modules.
A semi-linear map between vector spaces over a field K is additive and ”twists” scalar
multiplication by a field homomorphism (or automorphism) τ :

T (v + w) = T (v) + T (w), T (λv) = τ(λ)T (v)

Given a vector space V , the set of all invertible semi-linear transformations V → V (over
all field automorphisms) is the group ΓL(V ).
Given a vector space V over K,Γ L(V ) decomposes as the semidirect product

ΓL(V ) = GL(V )⋊Aut(K),

The projective geometry of a vector space V , denoted PG(V ), is the lattice of all subspaces
of V . Although the typical semi-linear map is not a linear map, it does follow that every
semi-linear map f : V → W induces an order-preserving map f : PG(V ) → PG(W ).
That is, every semi-linear map induces a projectivity. The converse of this observation
(except for the projective line) is the fundamental theorem of projective geometry. Thus
semi-linear maps are useful because they define the automorphism group of the projective
geometry of a vector space.

b) Skew polynomial rings.
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Let A be a ring, σ an endomorphism of A, and δ a σ-derivation of A (i.e. δ is additive
and satisfies δ(ab) = σ(a)δ(b) + δ(a)b)
The skew polynomial ring (a.k.a. Ore extension) and denoted by R = A[t;σ, δ] is a ring
whose elements are of the form

∑n
i=0 ait

i with ai ∈ A. The addition is defined as for usual
polynomials and multiplication is defined by distributivity and the rule:

ta = σ(a)t+ δ(a).

Let us mention a few classical examples.

Example 2.1. A will be a ring, σ is an endomorphism of A, and δ a σ-derivation of A.

1. If A = C, σ is the complex conjugation δ = 0 we obtain R = C[t;σ]. note that t2+1
is a central polynomial and the quotient ring R/(t2 + 1)R ∼= H.

2. If k is a field k[x] is the classical polynomial ring, σ = Id. and δ = d
dx is the

usual derivation on k[x], we obtain the Weyl algebra A1 = k[x][t; Id., d
dx ]. We have

tx = xt+ 1. If char(k) = 0, this ring is simple and if char(k) = p > 0 the center of
A1 is k[xp, tp].

3. Let Fq be a finite ring where q = pn with n ∈ N and p a prime integer. If θ is the
Frobenius map on Fq we consider Fq[t; θ]. This kind of ring is used frequently in
coding theory, for instance.

4. The analogue of inner derivation is the inner (σ)-derivation induced by an element
a ∈ A. This map is denoted by δa,σ and defined by δa,σ(x) = ax − σ(x)a, for
x ∈ A. Notice that such a derivation can “be erased” in the sense that A[t;σ, δa,σ] =
A[t − a;σ], as one checks easily. Let us also mention that in the case there exists
an element c in the center of A which is such that σ(c) − c is invertible, then the
derivation δ is always inner induced by (c− σ(c))−1δ(c).

One now introduce the evaluation of a skew polynomial.
Let A be a ring, σ ∈ End(A), and δ a σ-derivation of A. For g(t) ∈ R = A[t;σ, δ] and
a ∈ A, we define g(a), the evaluation of g at a, to be the only b ∈ A, such that there exists
q(t) ∈ R with

g(t) = q(t)(t− a) + b. (1)

Example 2.2 ([20]). 1. If g(t) = t then g(b) = b.

2. If g(t) = t2, then g(b) = σ(b)b+ δ(b).

3. If g(t) = t3, implies that g(b) = σ2(b)σ(b)b+ (σδ + δσ)(b)b+ σ2(b)δ(b) + δ2(b).

Let us briefly give some classical properties of the ring K[t;σ, δ] when the base ring K is
a division ring.

Proposition 2.3. Let K be a division ring and σ, δ be an endomorphism (not necessarily
an automorphism) and a σ-derivation of K. We denote R = K[t;σ, δ]. Then the followings
hold
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1. The ring R is a left principal domain.

2. The ring R is a right Noetherian domain if and only if σ is an automorphism.

3. The ring R is not simple if and only if the derivation is quasi-algebraic, which means
that there exists an equation

∑n
i=0 ai(δ)

i − δa0,σn = 0.

Some of these considerations have been studied for the ring A[t;σ, δ] where A is a ring.
One of the features of these extensions is to try to use rings of quotients of the base ring
when they are available. This is in particular the case of a (semi-) prime ring where the
use of the Martindale quotient ring is useful. The following theorem illustrates this remark
(cf. [19]).

Proposition 2.4. Let R be a prime ring and T its symmetric Martindale quotient ring.
For any non-zero two-sided ideal I of R[t;σ, δ] there exists a unique monic invariant
polynomial fI(t) ∈ T [t;σ, δ] having the following properties
(1) deg fI(t) = min{deg f(t) | f(t) ∈ I\{0}} = n and every polynomial g(t) ∈ I of degree
n can be written in the form afI(t) for some a ∈ R.
(2) I ⊂ T [t;σ, δ]fI(t).

Using this we obtain a characterization of the simplicity of the polynomial ring when the
base ring is a simple ring.

Corollary 2.5. Suppose that R is a simple ring. The following conditions are equivalent:
(1) R[t;σ, δ] is a simple ring.
(2) δ is not a quasi-algebraic σ-derivation of R.

Similar results can be found in [32].

c) Pseudo-linear maps.

We introduce the main definition of this survey.

Definition 2.6. Let A be a ring, σ an endomorphism of A, and δ a σ-derivation of A (i.e.
δ is additive and satisfies δ(ab) = σ(a)δ(b)+ δ(a)b). Let also V stand for a left A-module.
An additive map T : V −→ V such that, for α ∈ A and v ∈ V ,

T (αv) = σ(α)T (v) + δ(α)v.

is called a ( σ, δ ) pseudo-linear transformation (or a ( σ, δ )-PLT, for short).

The pseudo-linear maps were introduced by Jacobson in 1937 [11].

Example 2.7. 1. Any linear map is an (Id., 0) PLT.

2. The map δ considered as an additive map from AA to AA is itself a (σ, δ)-PLT.
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3. If σ is an endomorphism of A and δ is a σ-derivation of the ring A and a ∈ A, the
map Ta : A→ A defined by

Ta(x) = σ(x)a+ δ(x)

is easily seen to be a (σ, δ)-pseudo-linear map. This example is the most important
one since this PLT will enable us to make the connection with the evaluation of skew
polynomials.

4. We can generalize the example (3), as follows: Let V = An the row left A-module,
and a ∈ A define Ta(v) = σ(v)a+δ(v).

5. Any σ semi-linear map is of course a (σ, 0) PLT.

Proposition 2.8. Let A be a ring σ a ring endomorphism of A, and δ a σ-derivation of
A. For an additive group (V,+) the following conditions are equivalent:
(i) V is a left R = A[t;σ, δ]-module;
(ii) V is a left A-module and there exists a ( σ, δ ) pseudo-linear map T : V −→ V ;
(iii) There exists a ring homomorphism Λ : R −→ End(V,+).

Proof. (i) ⇒ (2) The pseudo-linear map is simply given by the action of t on V .
(ii) ⇒ (iii) The map is simply the one sending a polynomial

∑
ait

i on
∑
aiT

i.
(iii) ⇒ (i) This is clear.

We thus have the following immediate Corollary.

Corollary 2.9. For any f, g ∈ R = A[t;σ, δ] and any pseudo-linear transformation T we
have: (fg)(T ) = f(T )g(T ).

These results are the cornerstones that will enable the generalization of the product for-
mula for Ore polynomial rings defined over rings.

Example 2.10. (1) If σ = id. and δ = 0, a pseudo-linear map is an endomorphism of left
A-modules. If δ = 0, a pseudo-linear map is usually called a (σ) semi-linear transformation.
(2) If T is a PLT defined on AV , V becomes an (R,EndR(V ))-bimodule. It is often
interesting to have a concrete description of the ring EndR(V ). For instance, let a ∈ A
and consider the left R-module V = R/R(t − a). The action of t on V is given by
t.(b+ R(t− a)) = σ(b)t+ δ(b) + R(t− a) = σ(b)a+ δ(b) + R(t− a). This translates into
the following action on A: t.b = σ(b)a+ δ(b), for b ∈ A. If we identify R/R(t− a) with A
itself, this action corresponds to

Ta :A A→A A : Ta(x) = σ(x)a+ δ(x).

In particular, we get back that δ = T0 is a PLT.
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(3) Extending σ and δ to Mn(A). For n, l ∈ N we may also extend component-wise
σ and δ to the additive group V := Mn×l(A). Let us denote these maps by S and D
respectively. Then S is a σ semi-linear map and D is a (σ, δ)-PLT of the left Mn(A)-
module V . This generalizes the fact, mentioned in example (2) above, that δ itself is a
pseudo-linear transformation on A.
(4) Let AVB be an ( A,B )-bimodule and suppose that σ and δ are an endomorphism and
a σ-derivation on A, respectively. If S is a σ semi-linear map and T is a ( σ, δ ) PLT on
AV , then for any b ∈ B, the map Tb defined by Tb(v) = S(v)b+T (v), for v ∈ V , is a ( σ, δ
) pseudo-linear map on V .
(5) Using both Examples (3) and (4) above, we obtain a (σ, δ) pseudo-linear transformation
on the set of rectangular matrices V := Mn×l(A) (considered as an ( Mn(A),Ml(A) )-
bimodule) by choosing a square matrix b ∈ Ml(A) and putting Tb(v) = S(v)b + D(v)
where S and D are defined component-wise as in Example (3) and v ∈ V .

In the following Remarks, we attract the attention of the readers on some differences that
exist between the world of linear maps and the world of PLTs.

Remark 2.11. (1) Powers of a PLT don’t give a PLT. For instance, if T is a (σ, δ) PLT
defined on AV , we have the following formula: for a ∈ A and v ∈ V

Tn(av) =

n∑
i=0

fni (a)T
i(v),

where fni is the sum of the words in σ and δ with i letters σ and n− i letters δ.
(2) If V is a free A-module, we can attach a matrix to any PLT. Although this matrix
completely determines T a little care is needed. For instance the derivation δ is a PLT on
AA and its matrix in the basis {1A} is just 0 although δ 6= 0.

Proposition 2.12. Consider R = A[t;σ, δ]. and let a ∈ A

1. If a ∈ A, the (σ, δ) PLT corresponding to the left R module R/R(t−a) is the map Ta
defined on AA by Ta(x) = σ(x)a+ δ(x). Moreover EndR(R/R(t− a)) is isomorphic
to the set of Ca := {c ∈ A | Ta(c) = ac} and, for any f(t) ∈ R, f(Ta) is a right
Ca-linear map.

2. If Σ denotes the set of σ-semi-linear maps defined on a left A-module AV and T is
a (σ, δ)-pseudo-linear map defined on V , then the set of all (σ, δ) PLT maps defined
on V is given by T +Σ.

The next examples provide some applications and extensions of the above Proposition
2.10.

Example 2.13. 1. As we mentioned, the derivation δ is a (σ, δ) PLT defined on A.
On the other hand, a σ semi-linear map φ from A to A satisfies φ(x) = σ(x)φ(1)
and is thus determined by a := φ(1). So if we denote φa the σ semi-linear map such
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that φ(1) = a, the set {φa + δ | a ∈ A} gives all the (σ, δ)-PLT of AA i.e. the PLT
ψa on AA are maps defined by ψa(x) = σ(x)a+ δ(x). So that ψa = Ta, where Ta is
the map defined in Proposition 2.12.

2. We can generalize the example (1) above. Suppose v0 is an element of the left A-
module V is such that, for any a ∈ A, av0 = 0 implies a = 0. Suppose also that
the left A-module of V generated by A is direct summand of V i.e. there exists a
submodule W of V such that Av0 ⊕W = V . Define a (σ, δ)-PLT T0 by T0(v0) = 0
and T0|W = 0. Remark that if δ 6= 0 then T0 is not the zero map since we have
T0(av0) = δ(a)v0. Thanks to the above Proposition 2.12 (2), we conclude that all
the PLTs are given by T0 + Σ, where Σ is the set of all σ-semi-linear maps defined
on V .

3. Let p(t) ∈ A[t;σ, δ] be a monic polynomial of degree n. The module R/Rp(t),
considered as an A-module, is free of rank n. The R-module structure on An defined
by R/Rp(t) corresponds to the (σ, δ)-PLT denoted TCp induced by the companion
matrix Cp of the polynomial p(t). To be more explicit, for the row vector v ∈ An we
have

TCp(v) = σ(v)Cp + δ(v)

.

Remark 2.14. It is a natural question to try to define maps that resemble linear maps
between two different left A- modules. This is possible with the help of a secondary linear
map. Let T :A V →A V be a (σ, δ)-PLT, defined on V and let f :A V →A V be any linear
map. We compute (T ◦ f)(αv) = σ(α)(T ◦ f)(v) + δ(α)f(v). Inspired by this we arrive at
the following definition.

Definition 2.15. Let AV1,A V2 be two left A-modules and assume that f is A-linear. A
(σ, δ, f) PLT between AV1 and AV2 is an additive map T ∈ Hom(V1, V2) is such that
T (αv1) = σ(α)T (v1) + δ(α)f(v1), for α ∈ A.

Despite the problems that are mentioned in the above Remarks 2.11, there are still many
”standard” behaviors that have analogues. Some of these are present in the following
results.
Let us first fix some notations: For a free left A-module V with basis β = {e1, . . . , en} and
φ ∈ End(V,+) we write φ (ei) =

∑
j φijej and denote by φβ ∈Mn(A) the matrix defined

by φβ = (φij). For a (σ, δ)-PLT T : V → V is given writing Tβ for the matrix of T in the
basis β and v for the coordinates of a vector v ∈ V in the same basis, we get the following:
T (v) = σ(v)Tβ + δ(v).
More generally, we have the following:

Lemma 2.16. Let T be a pseudo-linear transformation defined on a free left A-module V
with basis β = {e1, . . . , en} and f(t) ∈ R = A[t;σ, δ]. Considering f(t) as an element of
Mn(A)[t;σ, δ], we have

f(T )β = f (Tβ) ,

where the evaluation of matrices is the skew one.
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The next Proposition gives some details relating maps and their associated matrices.

Proposition 2.17. For i = 1, 2, let Ti be a (σ, δ) - PLT defined on a free A-module Vi with
basis βi and dimension ni. Suppose φ ∈ HomA (V1, V2) is an A-module homomorphism. Let
also B ∈Mn1×n2(A), C1 ∈Mn1×n1(A) and C2 ∈Mn2×n2(A) denote matrices representing
φ, T1 and T2 respectively in the appropriate bases β1 and β2. Let RV1 and RV2 be the
left R-module structures induced by T1 and T2, respectively. The following conditions are
equivalent:
(i) φ ∈ HomR (V1, V2);
(ii) φT1 = T2φ;
(iii) C1B = σ(B)C2 + δ(B);
(iv) B ∈ ker (TC2 − LC1) where TC2 (resp. LC1 ) stands for the pseudo-linear transforma-
tion (resp. the left multiplication) induced by C2 (resp. C1 ) on Mn1×n2(A) considered as
a left Mn1(A)-module.

The following corollary is an easy particular case of the above Proposition 2.17.

Corollary 2.18. Let V be a free left A-module of finite rank, T : V → V be a (σ, δ)
PLT, and C1, C2 be matrices representing T in the different bases. Then there exists an
invertible matrix P such that

C1 = σ(P )C2P
−1 + δ(P )P−1.

Let p(t) =
∑n

i=0 ait
i be a monic polynomial of degree n and consider the left R = A[t;σ, δ]

module V := R/Rp. It is a free left A-module with basis β := {1, t, . . . , tn−1}, where ti =
ti+Rp for i = 1, . . . , n− 1. In the basis β, the matrix corresponding to left multiplication
by t is the usual companion matrix of p denoted by C(p) and defined by

C(p) =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
... . . . ...

0 0 0 · · · 1
−a0 −a1 −a2 · · · −an−1


Corollary 2.19. Let p1, p2 ∈ R = A[t;σ, δ] be two monic polynomials of degree n ≥ 1
with companion matrices C1, C2 ∈ Mn(A). R/Rp1 ∼= R/Rp2 if and only if there exists
an invertible matrix B such that C1B = σ(B)C2 + δ(B). In other words the (σ, δ)-PLT
determined by C1 and C2 are similar.

Corollary 2.20. Let p(t) ∈ R = A[t;σ, δ] be a monic polynomial of degree n and denote
by C = C(p) its companion matrix. We have:
(a) The eigenring EndR(R/Rp) is isomorphic to

Cσ,δ
p := {B ∈Mn(A) | CB = σ(B)C+ δ(B})
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.
(b) An has an ( R,Cσ,δ

p )-module structure.

(c) For f(t) ∈ R, f (Tp) is a right Cσ,δ
p -morphism. In particular, ker f (Tp) is a right

Cσ,δ
p -submodule of An.

(d) PLTs, evaluations and roots

As mentioned several times, the PLT are strongly connected with evaluations of polyno-
mials.
For a ∈ A, the pseudo-linear transformation on A associated to the left R = A[t;σ, δ]-
module V = R/R(t− a) is Ta. The equality f(t) · 1V = f(a) +R(t− a) leads to

f (Ta) (1) = f(a)

The fact that, for f(t), g(t) ∈ R we have fg(Ta) = f(Ta)g(Ta) gives

(fg)(a) = f(Ta)(g(a)).

In particular, for x ∈ U(A), we have

(fx)(a) = f(ax)x.

The set Cσ,δ(a) := {b ∈ A | ab = σ(b)a + δ(b)} is a ring isomorphic to End RV . We also
have

Ker f (Ta) = {x ∈ A | (f(t)x)(a) = 0}.
Since our ring is not commutative we cannot use determinant to define characteristic
polynomial of a matrix and have nice theorems relating factorization of this polynomial
and invariant subspaces. In the case when the base ring A is a finite dimensional central
simple the use of reduced norms gives some analogue of the Cayley-Hamilton theorem (cf.
[11]). Here we just mention that with some restrictions we do have similar facts.
Proposition 2.21. Let p(t) ∈ R = A[t;σ, δ] ⊂ Mn(A)[t;σ, δ] be a monic polynomial of
degree n > 1. Then the following assertions are equivalent:
(i) t ∈ Idl(Rp) (i.e. pt ∈ Rp);
(ii) for any f ∈ R, f ∈ Rp if and only if f(C(p)) = 0;
(iii) p(C(p)) = 0.

The following theorem is a strong generalization of a theorem due to Gordon-Motzkin(Cf.
[10]).
Theorem 2.22. Let f(t) ∈ R = K[t;σ, δ] be a polynomial of degree n. Then:
1) f(t) has roots in at most n(σ, δ)-conjugacy classes, say

{∆(a1) , . . . ,∆(ar)} , r ≤ n;

2)
∑r

i=1 dimC(ai) ker (f (Tai)) ≤ n, where C (ai) := Cσ,δ (ai) for 1 ≤ i ≤ r.
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(e) Algebraic PLTs, Eigenvalues and diagonalisation

Many classical known facts for linear maps have analogues for PLT. We collect some results
from [11] and [17].

Definition 2.23. Let T be ( σ, δ ) PLT T :A V →A V .

• We say that T is algebraic if there exist n ∈ N∗, a0, a1, . . . , an ∈ A, an 6= 0 such that
anT

n + · · · + a1T + a0I = 0. If an = 1 we say the T is integral. In this survey
paper we will concentrate on the case when V is a left K-vector space, where K is a
division ring. We denote by fT the minimal monic polynomial that is annihilating T

• An element a ∈ A is a left eigenvalue of T if there exists a nonzero v ∈ V such
that T (v) = αv. Very often we will consider a finite dimensional vector space. The
spectrum of T , denoted Γ consists of left and right eigenvalues.

Example 2.24. 1. Any linear map that is defined on a finite dimensional vector space
is of course algebraic. In more general setting this is untrue.

2. Any σ-derivation that is algebraic is an example of algebraic PLT (on AV =A A).
The (quasi) algebraicity of δ is strongly connected with the simplicity of R = A[t;σ, δ]
(cf. [27]).

Let us first mention some basic properties of eigenvalues and eigenvectors.

Proposition 2.25. Let T : V → V be an ( σ, δ ) PLT and α ∈ A, v ∈ V be an eigenvalue
and its corresponding eigenvector : T (v) = αv. Then :
- For any g(t) ∈ R = A[t;σ, δ] we have g(T )(v) = g(α)v.
- For β ∈ A\{0} and for any g(t) ∈ R = A[t;σ, δ], we have g(T )(βv) = g(Tα)(β)v.
- If dimK V = n and e = (e1, . . . , en) is a basis of V , writing v =

∑
αiei and v =

(α1, . . . , αn) we have σ(v)Me(T ) + δ(v) = αv.

For the remainder of this section, we will assume, for simplicity, that A = K is a division
ring. With the help of Martindale quotient ring, we certainly could develop most of the
following in the frame of a prime ring. But to avoid some technicalities and keep the
essence of the topic clear, it seems preferable to concentrate on the case of a division ring.
We remark that T is algebraic exactly when the ring morphism R = A[t;σ, δ]

φ→ End(V,+)
given by φ(f(t)) = f(T ) has a nonzero kernel. In particular, fT is invariant and satisfies
fTR = RfT .
The following results can be found in[17]. We just mention some of the main results.

Proposition 2.26. Let K be a division ring and σ, δ be an endomorphism of K and a
σ-derivation δ defined on K. Suppose that T is an algebraic (σ, δ)-PLT defined on KV
and let fT (t) ∈ R = K[t;σ, δ] be its minimal polynomial. The following are equivalent:
(i) α ∈ K is an eigenvalue for T .
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(ii) t− α divides on the right the polynomial fT (t) in R = K[t;σ, δ].
(iii) t− α divides on the left the polynomial fT (t) in R = K[t;σ, δ].

This Proposition implies that the set Γ ⊂ K of eigenvalues of T is algebraic when T is
algebraic. Moreover, if we denote fΓ its minimal polynomial, we have that fΓ divides fT
(on the right and on the left). We decompose the set of eigenvalues of T into conjugacy
classes and write Γ = ∪r

i=1Γi, where r ≤ degfT . The annihilating polynomials of these
conjugacy classes give factors of FT .

Remark 2.27. Clearly, δ = T0 is a (σ, δ) map such that Me(T ) = 0, where the base
e = {1}. So that Me(T ) is algebraic doesn’t imply that T is algebraic. Nevertheless, we
have the following Proposition.

Proposition 2.28. Let T be a (σ, δ)-PLT defined on a finite dimensional left K-vector
space V with basis β. T is algebraic if and only if the conjugacy class determined by the
matrix Tβ is algebraic.

It might be worth to point out explicitly the following particular case.

Corollary 2.29. Let a be an element of a division ring K. The (σ, δ)-PLT Ta is algebraic
if and only there exists a polynomial f(t) ∈ R = K[t;σ, δ] such that f(ax) = 0, i.e. the
conjugacy class determined by the element a is algebraic.

Let us now mention the following result, connecting algebraicity of a PLT and structural
properties of the ring K[t;σ, δ]. This can be found in [17].

Proposition 2.30. Let K be a division ring and σ, δ be an endomorphism (not necessarily
an automorphism) and a σ-derivation of K. We denote R = K[t;σ, δ]. Then the followings
hold

1. R is left primitive,

2. R is right primitive,

3. there exists V T→ V a (σ, δ)-PLT that is not algebraic and dimKV <∞.

Definition 2.31. A PLT T :K V →K V is diagonalizable if there exists a basis B of V
such that matrix representing T in this basis is diagonal.

The following Theorem (cf. [17]) shows that many classical Theorems have analogues in
our situation.

Theorem 2.32. . Let T be an algebraic ( σ, δ ) PLT on a left K-vector space V such
that dimV = n. Let fT be its minimal monic polynomial and Γ = ∪r

i=1∆
σ,δ (γi) the set of

eigenvalues of T . Then the following assertions are equivalent :
(i) T is diagonalizable,
(ii) there exists e a basis of V such that Me(T ) is diagonal (in other words ∆(T ) contains
a diagonal matrix),
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(iii) there exists e a basis of V and {δ1, . . . , δn} ⊂ K such that TMe(T ) = Tδ1 ⊕ · · · ⊕ Tδn
where ⊕n

i=1Tδ1 : Kn −→ Kn : (α1, . . . , αn) 7−→ (Tδ1 (α1) , . . . , Tδn (αn)),
(iv) VΓ = V , where VΓ is the vector space generated by the eigenvectors of T ,
(v) fΓ = fT , where fΓ is the minimal polynomial of Γ,
(vi) deg fΓ = deg fT ,
(vii) fT =

∏r
i=1 fΓi, where fΓi is the minimal polynomial of Γi = ∆σ,δ (γi);

(viii)
∑n

i=1

[
K : Cσ,δ (γi)

]
right = deg fT where Cσ,δ (γi) = {x ∈ K∗ | γxi = γi} ∪ {0} is a

subdivision ring of K.

Theorem 2.33. Let p be a prime number and Fq be the finite field with q = pn elements.
Denote by θ the Frobenius automorphism. Then:
a) There are p distinct θ-conjugacy classes in Fq.
b) Cθ(0) = Fq and, for 0 6= a ∈ Fq, we have Cθ(a) = Fp.
c) In Fq[t; θ], the least left common multiple of all the elements of the form t−a for a ∈ Fq

is the polynomial G(t) := t(p−1)n+1− t. In other words, G(t) ∈ Fq[t; θ] is of minimal degree
such that G(a) = 0 for all a ∈ Fq.
d) The polynomial G(t) obtained in c ) above is invariant, i.e. RG(t) = G(t)R.

The next proposition gives some behavior of a PLT corresponding to some special polyno-
mials. The first kind of polynomials appears naturally when considering ring morphisms
between Ore extensions over a common base ring.

Definition 2.34. Let σ, σ′ be two endomorphisms of a ring A and δ, δ′ be σ and σ′
derivations respectively.

1. A polynomial p(t) ∈ A[t, σ, δ] is an (σ′, δ′) CV polynomial, if for any a ∈ A we have
p(t)a = σ′(a)p(t) + δ′(a).

2. A (σ′, 0) is called a semi-invariant polynomial.

3. If p(t) ∈ R is such that we p(t)R ⊆ Rp(t), we say that p(t) is right invariant.

The following Theorem is classical.

Theorem 2.35. The ring R = K[t;σ, δ], where K is a division ring, is not simple if and
only if there exists a semi-invariant polynomial of nonzero degree.

There are strong connections between the set of CV polynomials, semi-invariant polyno-
mials, and invariant polynomials. We refer the interested reader to the papers [23], [24],
and [27].

Proposition 2.36. Let T : V → V be a ( σ, δ )-PLT and let φ : R′ = K [t′;σ′, δ′] → R =
K[t;σ, δ] be the K-ring homomorphism defined by a ( σ′, δ′ ) c.v. polynomial p(t) ∈ R.
The R′-module structure induced on V via φ by T corresponds to the R′-module structure
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given by the ( σ′, δ′ ) PLT p(T ). In particular if g (t′) ∈ R′ we have, for A ∈Mn(K), that
the following (σ′, δ′)-PLT on Kn coincide:

g(p) (TA) = g
(
Tp(A)

)
and for A ∈Mn(K), P ∈ GLn(K)

g(p)
(
AP

)
= g

(
p(A)P

)
where g(p) ∈ R, TA and Tp(A) stand for a ( σ, δ ) and ( σ′, δ′ ) PLT respectively, AP =

σ(P )AP−1 + δ(P )P−1 and p(A)P = σ′(P )p(A)P−1 + δ′(P )P−1.

Proof. A detailed proof can be found in Lemma 3.3 of [17]. To give a flavor of the topic,
we prove here the first formula. The (σ, δ)-PLT T : V → V gives a left R-module structure
on V via t.v = T (v). Since φ : R′ → R is a ring homomorphism of rings, V inherits a
left R′ module structure and we have, for v ∈ V, t′.v = φ(t′).v = p(t).v = p(T )(v). This
shows that the R′ module structure of V is given by p(T ). If A ∈ Mn(K) and TA is a
(σ, δ)-PLTdefined on V = Kn, we have just seen that p(TA) is the (σ′, δ′) associated to
the corresponding action of t′ on Kn. Using Lemma 2.16, we then have

g(p)(TA) = g(p)(t.) = g(p(t.)) = g(t′.) = g(Tp(A)),

as desired.

3 Multivariables extensions

a) Iterated Ore extensions, evaluation, PMT.

In what follows, we consider an iterated Ore extension. We start with a ring A, σ1 ∈
End(A) and δ1 is a σ1-derivation on A. We then construct the ring R0 = A = S0 and
R1 = S1 = A [t1;σ1, δ1]. We then assume that σ2 ∈ End(R1) and δ2 is a σ2-derivation on
R1 such that σ2(A) ⊆ A and δ2(A) ⊆ A and put S2 = A[t2;σ2, δ2] ⊆ R2 = R1 [t2;σ2, δ2] =
A [t1;σ1, δ1] [t2;σ2, δ2]. We continue constructing an iterated Ore extension (For any 1 ≤
i ≤ n, we assume that σi(A) ⊆ A and δi(Ai) ⊆ A):
S3 = A[t3;σ3, δ3] ⊆ R3 = R2 [t3;σ3, δ3] = A [t1;σ1, δ1] [t2;σ2, δ2] [t3;σ3, δ3], and finally
Sn = A[tn;σn, δn] a subset of

R = Rn = Rn−1 [tn;σn, δn] = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn] .

We also define, for 1 ≤ i < j ≤ n, pi,j = σj (ti) ∈ Rj−1 and qi,j = δj (ti) ∈ Rj−1. For any
1 ≤ i ≤ n, we assume that σi(A) ⊆ A and δi(Ai) ⊆ A.

The following definition formalizes the idea that to evaluate an iterated skew polynomial,
you first evaluate the last variables tn and then continue evaluating the previous ones.
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Definition 3.1. For f (t1, . . . , tn) ∈ R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn], we define
the evaluation of f (t1, t2, . . . , tn) at a point (a1, . . . , an) ∈ An, denoted by f (a1, . . . , an),
as the representative in A of f (t1, t2, . . . , tn) modulo

In (a1, . . . , an) = R1 (t1 − a1) + · · ·+Rn−1 (tn−1 − an−1) +R (tn − an) ,

where, for each 1 ≤ i ≤ n,Ri stands for Ri = A [t1;σ1, δ1] · · · [ti;σi, δi].

Remark 3.2. When evaluating a polynomial, we must first write it such that in each of
its monomials the variables appear in the precise order t1, t2, . . . , tn (from left to right).
In other words, before evaluating a polynomial, we must write the polynomial as a sum
of monomials of the form tl11 t

l2
2 · · · tlnn . So if we evaluate t1t2 ∈ A [t1, t2] at ( a, b ) one

obtains (t1t2) (a, b) = ba. This might look very strange, but regarding evaluation in terms
of ”operators” via the right multiplication by b followed by the right multiplication by a
this evaluation looks perfectly fine and the apparent awkwardness disappears.

Let us now mention concrete examples.

Example 3.3. (1) Let A1(k) = k[X]
[
Y ; id., d

dX

]
and (a, b) ∈ k2. Then - Y X = XY +1 =

X(Y − b) + bX + 1 = X(Y − b) + b(X − a) + ba+ 1, and hence (Y X)(a, b) = ba+ 1.
- Y X2 = X2Y +2X = X2(Y −b)+bX2+2X = X2(Y −b)+bX(X−a)+baX+2(X−a)+2a,
and hence

(
Y X2

)
(a, b) = ba2 + 2a.

- Y 2X = XY 2 + 2Y = XY (Y − b) + bX(Y − b) + bXb + 2(Y − b) + 2b, and therefore(
Y 2X

)
(a, b) = b2a+ 2b.

(2) Consider the double Ore extension R = Fq [t1; θ]
[
t2; θ̄

]
, where q = pn, θ̄(a) = ap, and

θ̄ (t1) = t1. A polynomial p (t1, t2) ∈ R can be written as p (t1, t2) =
∑n

i=0 pi (t1) t
i
2 =∑

i,j ai,jt
j
1t

i
2. For every s ≥ 1, one can check Ns(a) = θs−1(a) . . . θ(a)a = a

ps−1
p−1 , this leads

to

p (t1, t2) (a, b) =
∑
i,j

ai,jθ
j (Ni(b))Nj(a) =

∑
i,j

ai,jb
(pi−1)pj

p−1 a
pi−1
p−1 .

We now try to define analogues of PLT in the multivariable settings. We certainly would
like to connect the pseudo multivariable setting to evaluation of polynomials in R =
R[x;σ][t1, σ1, δ1] . . . [tnσn, δn] and to left R-modules. This last objective quickly leads us
to the following definition.

Definition 3.4. Let A be a ring, R = A [t1;σ1, δ1] · · · [tn;σn, δn] be an iterated Ore exten-
sion, AV a left A-module, and (T1, . . . , Tn) be a sequence of maps in End(V,+). such that
for each 1 ≤ i ≤ n, Ti is a (σi, δi)-PLT of AV . The sequence (T1, . . . , Tn) is called good
if (AV, T1 ) gives a R1V structure on V , and T2 is a ( σ2, δ2 )- PLT on R1V so that (
R1V, T2 ) defines an R2V structure on V , and inductively, for any 1 ≤ i < n, Ti+1 is a (
σi, δi )-PLT on RiV -structure which leads to an Ri+1 modules stucture on V .

We immediately remark that a good sequence (T1, . . . , Tn) of PLT defined on a left A-
module structure AV gives rise to a left R-module structure on V via ti.v = Ti(v), for
1 ≤ i ≤ n.
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Example 3.5. One of the most important examples of sequences of PLT comes from
the evaluation maps. Let a = (a1, . . . , an) ∈ An and consider the following iterated Ore
extension

R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn] .

For 1 ≤ i ≤ n, we define the map Ti : Ri−1 → Ri−1 by Ti(x) = σi(x)ai + δi(x) for all
x ∈ Ri−1. This sequence of PLTs defined on A corresponds to a left R-module structure
on A.

We collect in the next Theorem the results showing that our good sequences are exactly
what was required.

Theorem 3.6. Let A be a ring and R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn] an iterated
Ore extension on A. For a = (a1, . . . , an) ∈ An, we let Ti = Tai be the PLT on A defined
in the above example and f = f (t1, . . . , tn) ∈ R. Then the following statements hold.
(1) For any x ∈ A, we have (fx) (a1, . . . , an) = f (Ta1 , . . . , Tan) (x).
(2) We have f (a1, . . . , an) = f (Ta1 , . . . , Tan) (1).
(3) For any x ∈ U(A), we have

f (Ta1 , . . . , Tan) (x) = (fx) (a1, . . . , an) = f (ax1 , . . . , a
x
n)x,

where for each i ∈ {1, . . . , n}, axi = σi(x)aix
−1 + δi(x)x

−1.

The above Theorem 3.6 shows the connection between evaluation and pseudo multi-linear
maps. It is natural to wonder about the existence of a product formula. This the objec-
tive of the next result but to state it we need to introduce another way of defining the
evaluation.
We evaluate f (t1, . . . , tn) ∈ R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn] at the point
(a1, a2, . . . , an) ∈ An by considering the element of A representing f in the quotient R/I,
where I = R (t− a1) + R (t− a2) + · · · + R (t− an). It arrives frequently that I = R
and this new evaluation is then not a good one. We say that a point (a1, . . . , an) ∈ An

is good if we have In =
∑n

i=1Ri(ti − ai) = I. The next proposition will compare the
two evaluations by comparing In = R1 (t1 − a1) + · · · + Rn−1 (tn−1 − an−1) + R (tn − an)
and I. It will show that a point (a1, . . . , an) ∈ An is good if and only if the sequence
(Ta1 , . . . , Tan) is a good sequence.

Theorem 3.7. Let A be a ring and R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn]. We consider
(a1, a2, . . . , an) ∈ An and put

I = R (t− a1) +R (t− a2) + · · ·+R (t− an) ,

and
In = R1 (t1 − a1) + · · ·+Rn−1 (tn−1 − an−1) +R (tn − an) ,

where, for each 1 ≤ i ≤ n,Ri = A [t1;σ1, δ1] · · · [ti;σi, δi]. With these notations, the
following statements are equivalent:
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(1) In = I (and hence the 2 evaluations coincide);
(2) R (ti − ai) ⊆ In;
(3) I 6= R;
(4) For 1 ≤ i < j ≤ n, we have tj (ti − ai) ∈ In;
(5) For 1 ≤ i < j ≤ n, we have σj (ti − ai) aj + δj (ti − ai) ∈ In;
(6) For 1 ≤ i < j ≤ n, we have (tjti) (a1, . . . , an) = σj (ai) aj + δj (ai);
(7) For all f, g ∈ R, we have

(fg) (a1, a2, . . . , an) = (f (Ta1 , Ta2 , . . . , Tan) ◦ g (Ta1 , Ta2 , . . . , Tan)) (1);

(8) The sequence ( Ta1 , Ta2 , . . . , Tan ) of PLT on A is good;
(9) The map ψ : R = A [t1;σ1, δ1] [t2;σ2, δ2] · · · [tn;σn, δn] −→ End(A,+) defined by
ψ (f (t1, . . . , tn)) = f (Ta1 , . . . , Tan) is a ring homomorphism.

Notice that the point (7) above shows that we cannot expect the product formula for all
points.
Let us now give some examples related to good points.

Example 3.8. 1. In the Weyl algebra R = A1(K) = K[t1][t2; id,
d
dt1

] for the point
(0, 0) since we then have t2t1 − t1t2 = 1 and hence Rt1 + Rt2 = R. This is not the
case with our evaluation since, for instance, t2t1 = t1t2 + 1, so that t2t1 + I2(0, 0) =
1 + I2(0, 0) and hence the evaluation of t2t1 at (0, 0) is just 1.
2) In fact, it is quite often the case that I = R, even if we are using Ore polynomials
with zero derivations. Consider for instance the Ore extension R = K[t1;σ1][t2;σ2]
where K is a field and σ2 is an endomorphism of K[t1;σ1] such that σ2(t1) = t1. It
is easy to check that for any (a1, a2) ∈ K2 we have (t2 − σ1(a2))(t1 − a1) + (−t1 +
σ2(a1))(t2 − a2) = σ1(a2)a1 − σ2(a1)a2. So that if σ1(a2)a1 − σ2(a1)a2 6= 0, then the
left ideal I(a1, a2) = R. This shows that very often the evaluation modulo I turns
out to be trivial. Once again, this is not the case with our evaluation, since we have
that t2(t1 − a1) is represented by σ1(a2)a1 − σ2(a1)a2 modulo I2(a1, a2).

b) Another kind of skew multivariables polynomials.

The following definition was introduced by Matinez-Peñas and Kschischang (cf. [29]). An
earlier version of this construction was given by Helena Weixler-Kreindler [36].

Definition 3.9. Consider a ring A,n free variables t1, . . . , tn, σ : A → Mn(A) a ring
homomorphism, and a sequence of n additive maps δ1, . . . , δn. We denote by M the free
monoid generated by the variables {t1, . . . , tn} and by B = A[t;σ, δ] the set of polynomials
of the form

∑
m∈M αmm, where αm ∈ A and m ∈ M . On this set, we define the natural

addition and we introduce a multiplication based on the concatenation in M and on the
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following commutation rules:

∀1 ≤ i ≤ n, ∀a ∈ A, tia =
n∑

j=1

σ(a)ijtj + δi(a).

Example 3.10. (1) In the case n = 1 the above definition gives back the classical Ore
extension.
(2) Let B = A[t;σ, δ] be a Multivariable Ore polynomial ring. Of course, if A is a
central simple algebra the classical Skolem-Noether Theorem guarantees that there exists
an invertible matrix U ∈Mn(A) such that σ(a) = Uι(a)U−1 = U (aIn)U

−1 for all a ∈ A,
where ι : A→Mn(A) is defined by ι(a) = aIn . In this case we have that B = A[t;σ, δ] =
A[U−1t, ι, U−1δ].
(3) Let A be a ring, α, β ∈ End(A), and γ be an ( α, β )-derivation (i.e. γ ∈ End(A,+)
and, for any a, b ∈ A we have γ(ab) = α(a)γ(b) + γ(a)β(b)). We can check that the map

σ : A −→M2(A) : a 7→
(
α(a) γ(a)
0 β(a)

)
is a homomorphism of rings. If x ∈ A we can define an ( α, β )-derivation γ via γ(a) =
xβ(a)−α(a)x. Such an (α, β)-derivation is called inner. The map σ above gives rise to the
extension A

[
(t1, t2)

t ;σ
]
. Let us give an easy example of an α, β-derivation where both α

and β are not inner. Consider
Let k be a field and choose q, r ∈ k×with q 6= r (and hence q − r 6= 0 ). Put A = k[x] and
define automorphisms α, β : A→ A by

α(f)(x) = f(qx), β(f)(x) = f(rx).

Define δ : A→ A by the divided-difference operator

δ(f)(x) =
f(qx)− f(rx)

(q − r)x
.

One can check that δ is indeed an (α, β) non inner derivation.
Let us notice that in the case of an upper triangular σ of the form

σ(a) =

(
α(a) δ(a)
0 a

)
δ : A −→ A is an α-derivation and we can consider both R = A[t;α, δ] and B = A[t;σ]
where t =

(
t1
t2

)
. Let us remark that the map φ : B → R defined by φ (t1) = t, φ (t2) = 1

and φ(a) = a for all a ∈ A is a ring homomorphism between B and R.
4) Let us briefly mention that we can extend the procedure developed in (3) above and
consider a general map σ : A → UTn(A), where UTn(A) stands for upper triangular
matrices. There will be rings maps from Ore extensions with n variables to rings construct
with less than n variables coming form the same matrix of maps.
5) Another point of view on the above construction is obtained by remarking that it is
corresponds to a filtered ring freely and finitely generated (n generators) in degree 1.
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Definition 3.11. Let V be a left A-module and S1, . . . , Sn ∈ End(V,+) be such that, for
a ∈ A and v ∈ V , we define

Si(av) =
n∑

j=1

σij(a)Sj(v) + δi(a)v. ∀1 ≤ i ≤ n.

A sequence of maps satisfying these equations will be called a ( σ, δ )-pseudo-multilinear
transformation ((σ, δ)− PMT , for short ) on V .

Example 3.12. Let a = (a1, . . . , an)
t be a column in An then the PMT on A defined as

follows Sa = (Sa1 , . . . , San)
t with

Sai(b) =

n∑
j=1

σij(b)aj + δi(b)

We can check that we indeed get a PMT defined over A. As we will see, this PMT is
closely related to the evaluation at a.

Proposition 3.13. Let S be a PMT defined on a left B-module V . Then
(1) The following map

φ : B → End(V,+) such that φ(f(t)) = f(S),

is a ring homomorphism.
(2) There is a 1-1 correspondence between the set of PMT’s defined on V and the set of
B-module structures on V .

Definition 3.14. We define the evaluation of f(t) ∈ B = A[t;σ, δ] at (a1, . . . , an) ∈ An,
via the representative of f(t) + I ∈ B/I by an element of A, where I is the left ideal
I = B (t1 − a1) +B (t2 − a2) + · · ·+B (tn − an).
2. If x ∈ U(A) we denote ax the ( σ, δ )-conjugate of a (a column in An ) by x defined by

ax = σ(x)ax−1 + δ(x)x−1

3. For a, b ∈ An we define a ∼ b if there exists a nonzero divisor x ∈ A such that
bx = σ(x)a+ δ(x). We put

∆(a) = {b ∈ An | a ∼ b} .

This definition was introduced by Martinez-Peñas in [29] and used in the context of coding
theory.

Proposition 3.15. For f(t) ∈ B = A[t, σ, δ] and a ∈ An we have f(a) = f
(
Ta

)
(1) .

Proposition 3.16. Suppose that f, g ∈ B, a ∈ An, and x ∈ A.
(1)

(fg)(a) = f
(
Sa

)
(g(a))
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In particular, if g(t) = x ∈ A, then we have (fx)(a) = f
(
Sa

)
(x).

(2) Assume that 0 6= g(a) ∈ U(A), then we get:

(fg)(a) = f
(
ag(a)

)
g(a).

In particular, if g(t) = x ∈ A, then we have (f ◦ x)(a) = f
(
Sa

)
(x).

(3) Assume that 0 6= g(a) ∈ U(A), then we get:

(fg)(a) = f
(
ag(a)

)
g(a).

c) An Application, Werner’s question.

In the submitted work [1] the authors solved and generalized a question raised by Werner
[36]. Let A be a finite ring and consider the set

K(A) =: {f(x) ∈ A[x] | f(a) = 0, ∀a ∈ A}.

This set is easily seen to be a left ideal of A[x]. The question:
“Is K(A) a 2-sided ideal?”

In a recent work this conjecture was solved in a more general setting.

Theorem 3.17. Let A be a good ring (every element is a sum of units) and let σ ∈ End(R)
and δ a σ-derivation. Then the set {f(t) ∈ R = A[t;σ, δ] | f(A) = 0} is a two sided ideal
of R. In particular, this is true if A is finite.

A more general assumption gives the result.

Definition 3.18. An element α ∈ A is (σ, δ) right invariant if

∀a ∈ A, ∃b ∈ A : Ta(α) = bα

Remark 3.19. (1) α ∈ A is (id., 0)-right invariant iff αR ⊆ Rα.
(2) Any unit of A is (σ, δ)-right invariant.

Lemma 3.20. Let α ∈ A be (σ, δ)-right invariant then for any f(t) ∈ A[t;σ, δ] there exists
b ∈ A such that:

f(Ta)(α) = f(b)α

Theorem 3.21. Let A be a ring such that every element of A is a sum of (σ, δ)-right
invariant elements. Then the set K(A, σ, δ) is a two-sided ideal.

Proof. f(t), g(t) ∈ A[t;σ, δ] with f(t) ∈ K(A, σ, δ) and for a ∈ A,

(f(t)g(t))(a) = f(Ta)(g(a)).

There exist (σ, δ)-right invariant elements u1, . . . , us such that g(r) = u1+ · · ·+us. Using
Lemma 3.20, we get f(Ta)(ui) = f(bi)ui = 0, for some bi ∈ A. This gives f(Ta)(u1 + · · ·+
us) =

∑
f(Ta)(ui) = 0.
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With an appropriate notion of (σ, δ)-right invariant elements and using the pseudo multi
linear maps introduced above, this result can be extended to multi-variables polynomials
B = A[t;σ, δ].

Open questions

There are many open questions. Let us end this survey by mentioning some of them.
1) About Werner’s question, it turns out that the actual difficult question would rather
be to have an example of a killing ideal that is not two-sided.
2) What could be a good generalization of Cayley Hamilton theorem for PLT.
3) To what extent can we develop algebraic geometry for skew polynomials? The case
of Ore polynomials with a single variable and with coefficients over a division ring is
meaningful and has been treated in Lam-Leroy’s papers. The case of multi variables over
a division was considered in [29]. For some results in this direction the reader can also
refer to [30].
4) Is it possible to develop a Galois theory for PLT? There exists a Galois theory for
extensions of division rings, developed by Cartan [5]. The differential Galois theory is well
developed [15], [33].
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