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graphs of finite rings
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ABSTRACT

Due to their elegant and simple nature, unitary Cayley graphs have been an active research topic in the
literature. These graphs are naturally connected to several branches of mathematics, including number
theory, finite algebra, representation theory, and graph theory. In this article, we study the perfectness
property of these graphs. More precisely, we provide a complete classification of perfect unitary Cayley
graphs associated with finite rings.
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1 Introduction

Let R be a finite unital associative ring. The study of graphs associated with R has
received much attention in recent years (see [2, 3, 12] for further discussions on this line of
research). One of the first examples of graphs of this type is the family of unitary Cayley
graphs, which we will now recall. The unitary Cayley graph on R is defined as the Cayley
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graph Gp = Cay(R, R*), where R* denotes the group of all invertible elements in R.
Specifically, Gg is a graph characterized by the following:

1. The vertex set of Gg is R,

2. Two vertices a,b € V(GR) are adjacent if and only if a — b € R*.

Various cases of unitary Cayley graphs have been investigated in the literature. To the
best of our knowledge, [8] is perhaps the first work that formally introduces the concept of
a unitary Cayley graph. In this work, the authors discover some fundamental properties of
the unitary graph when R is the ring of integers modulo a given positive integer n, such as
their spectra, clique, and independence numbers, planarity, perfectness, and much more.
[1] generalizes many results from [8] to the case where R is an arbitrary finite commutative
ring. In particular, they are able to classify all perfect unitary Cayley graphs when R is
commutative (see [1, Theorem 9.5]). The work [7] extends this line of research to rings
that are not necessarily commutative.

Our interest in unitary Cayley graphs stems from the joint work [5], where we classify all
prime unitary Cayley graphs amongst other things (see [5, Theorem 4.34]). During our
discussions, Sophie Spirkl posed the following question:

Question 1.1. Can we classify all perfect unitary Cayley graphs?

We recall that a graph G is said to be perfect if, for every induced subgraph H of G, the
chromatic number of H equals the size of its maximum clique. The strong perfect graph
theorem gives concrete criteria for a graph to be perfect; namely, a graph is perfect if and
only if neither the graph itself nor its graph complement contains an induced odd cycle of
length of at least five (see [6]).

The goal of this article is to provide a complete answer to Question 1.1. For the precise
statement, we refer readers to Theorem 4.5. We remark that our approach combines
experimental and theoretical mathematics. Specifically, we use SageMath to generate
unitary Cayley graphs and then utilize algorithms from the Python library NetworkX
to identify relevant cycles within these graphs and check whether two given graphs are
isomorphic. As it turns out, when they exist these cycles exhibit several common features,
enabling us to find a pattern that is applicable to general cases (of course, we need to show
that the pattern that we found actually works! For that, we need pure mathematics.)

1.1 Code

The code that we developed to generate unitary graphs over a finite ring and do experi-
ments on them can be found at [10].

2 Reduction to the semisimple case

In this section, we use some structure theorem for finite rings to reduce Question 1.1 to the
case where R is a semisimple ring. We first start with the following observation. While we
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believe that this observation is well-known among the experts, we cannot find a reference
for it. For the sake of completeness, we provide our proof here.

Proposition 2.1. Let R be a finite ring and v € R. Then the following conditions are
equivalent.

1. r s invertible.
2. r is left invertible.

3. r s right invertible.

Proof. By definition, (1) implies (2) and (3). Additionally, (2)+(3) implies (1). Therefore,
it is sufficient to show that (2) and (3) are equivalent. We will show that (2) implies (3).
The statement that (3) implies (2) can be proved using the same argument.

Now, suppose that (2) holds. Let r € R such that r is left-invertible; i.e., there exists
s € R such that sr = 1. Let us consider the multiplication by » map m,.: R — R defined by
m,(a) = ra. This is an injective group homomorphism on (R, +). Indeed, let a € ker(m,.).
Then 0 = s(ra) = (sr)a = a and hence ker(m,) = 0. Because R is a finite set, we conclude
that m,. is also subjective. In particular, we can find s’ such that rs’ = 1. This shows that
r is right invertible and therefore invertible. O

Remark 2.2. By Proposition 2.1, there will be no ambiguity when we write R*.

We recall that the Jacobson radical Rad(R) of R is the intersection of all left maximal
ideals in R (see [11, Chapter 4.3]). It turns out that Rad(R) is a two-sided ideal in R. By
[5, Proposition 4.30], we know that Rad(R) is a homogeneous set in the unitary Cayley
graph Gr. Additionally, by for [5, Corollary 4.2], we know that

Gr = Gps * By,

here R*® = R/Rad(R) is the simplification of R, E,, is the empty graph on n = |Rad(R)|
vertices, and * denotes the wreath product of two graphs (see [5, Definition 2.5 for the
definition of the wreath product of graphs).

Remark 2.3. Technically speaking, [5] only deals with commutative rings. However, the
arguments for [5, Theorem 4.30, Corollary 4.2] can be applied directly to all finite rings.

By the strong graph theorem, we can see that G * G is perfect if and only if each G and
(G5 is. Since the empty graph F,, is perfect, we have the following immediate consequence.

Proposition 2.4. G is perfect if and only if Ggss is perfect.

Therefore, from now on, we can assume that R = R®; i.e., R is semisimple. By the
Artin-Wedderburn structure theorem, we know that

R = ﬁRz X ﬁMdl(Fz)
i=1 i=1
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Here R; is a finite field such that 2 < |R;| < |Ra| < --- < |R;|. Additionally, d; > 2, and
F; is a finite field. We can then see that G is a direct product of the unitary Cayley
graphs

GR = HGR% X HGMdZ(]Fz) = HK‘RJ X HGMdZ(]Fz)
=1 =1 =1 =1

The case where R is commutative is treated in [1]. To break down the problem, we will
deal with one factor at a time. For these reasons, we will first consider the case where R
is a matrix ring over a finite field in the next section.

3 R is a matrix ring.

Let d > 2 and F be a finite field. Let My(F) be the ring of d x d matrices with coefficients
in F. Let G'jy, () be the unitary Cayley graph on My(F). We study the following question.

Question 3.1. When is Gy r) a perfect graph?

We remark that there is a diagonal embedding F? — My(F). Consequently, G ra is natu-
rally an induced subgraph of G, (). Consequently, if Gy, (r) is perfect, then so is Gpa.
By [1, Theorem 9.5], we conclude that either F' = Fy or d = 2. In summary, we have just
proved the following.

Proposition 3.2. If My(F) is perfect, then either d =2 or F = Fy.

We remark that when F' = Fy, the graph Gpa is bipartite and hence perfect. One can
naturally ask whether G,y is bipartite. The answer is no. To show this, we need to
recall the following lemmas.

Lemma 3.3 (See [4, Proposition 2.6]). Let G be a finite group and S a symmetric subset
of G. Suppose further that Cay(G,S) is connected. Then Cay(G,S) is bipartite if and
only if there exists an index 2 subgroup H of G such that HN S = ().

Lemma 3.4 (See [9]). If d > 2 then every matriz in My(F') can be written as the sum of
two invertible matrices.

Proposition 3.5. If d > 2 then Gy, is not bipartite.

Proof. Assume that G, r) is bipartite. Then by Lemma 3.3 we can find an additive
subgroup H of My(F) with index 2 such that H N GLg(F) = (). By this assumption,
we conclude that if a,b € GL4(F), then a +b € H. By Lemma 3.4, we conclude that
H = My(F'), which is a contradiction. We conclude that G, (r) is not bipartite. O

Using some Sagemath code, we can check that there are no induced odd cycles of length
at least 5 in Gy, (r,) (see [10] where we do a brute force search for odd-cycles on Gz, ,))-
However, Gy, (r,) contains the following induced 5-cycle Ay — Ay — A3 — Ay — As,
where
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00 2 1 2 2 2 1 1 2
Sl e PR R e B e R

We conclude that Gy, r,) is not perfect. More generally, if char(F') # 2, we can find the
following induced 5-cycle in Gy, (r)

00 2 1 2 -2 -1 -2 -2 -1
Sl et P e R | B g

We conclude the following proposition.

Proposition 3.6. If char(F) # 2 then Gyg,(r) contains an induced 5-cycle and hence
G vy (F) s not perfect.

In the case char(F') = 2 and F' # Fa, we find the following induced 5-cycle in Gy, (r)-

ool , [ro] , Jet1 0] , 1 z+1 Cfe4+1 1
Al_[o 0]”42_[1 1}”43_[ 1 O]’A4_[1 z+1]’A5_[ 1 1]'

Here z is any element in F'\ Fy. We conclude that

Proposition 3.7. If char(F') = 2 and F' # Fa then Gyp,(p) contains an induced 5-cycle
and hence Gy, (r) is not perfect.

For the case M4(FF2) with d > 3, we also have

Proposition 3.8. If d > 3, then then Gy py contains an induced 5-cycle and hence
G vy (ry) 18 not perfect.

Proof. We will show that the following vertices produce an induced 5-cycle (with some
help from computers for small d)

0>I+A—-A—>T+A+B" - T1+B.

Here ~ _ ~ _
1 0 0O 01 0
11 - 000 oo 1 -0
A= ¢ o 0 i, andB= |0 0o
00 --- 000 oo o0 -1
00 - 00 0 00 0 - 0

In other words, the entries in the upper left 2 x 2-minor of A are 1 while the other entries
are 0 and B is a Jordan block of size d.

It is straightforward to see that A? = B¢ = 0. Hence [+ A, I+B, (I+A+BT)—~A = 1+BT
are invertible. We have |(I + A) — (I + B)| = |A — B| = 0 since the dth row of A — B is
the zero row. We also have |I + A + BT| = 0 since the first column of I + A 4+ B” is the
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zero column. On the other hand, |(I + B) — A| = 0 since the first row of I + B — A is the
ZETO TOW.

Now we only need to show that (I + A+ BT) — (I + B) = A+ B + BT is invertible. For
convenience, for each n > 2 let D,, = B, + B!, where B, is a Jordan block of size of n.
By expanding the determinant of D,, along the first column and then along the first row
we get |Dy| = |Dp—1]. Hence |D,,| = |Dz| = 1if n is even and |D,| = |D3| = 0 if n is odd.

Now
10 0 0 0 0
01 1 O 0 0
01 0 1 0 0
A+B+BY =0 0 1 0 0 0
0o o0 0 --- 01
00 0 0 --- 10
11 0 0 0
1 0 1 0 0
01 0 0 0
=|. . . (expanding the determinant along the 1st row)
00 0 0 1
0 O 1 0
11 0 0 0
0 1 0 0
1 0 --- 0 0
=|Dg—o| — 1. . . . (expanding the determinant along the 1st row)
00 0 -~ 01
oo o0 --- 10
= |Dg—2| — |D4—3|(expanding the second determinant along the 1st column)
=1.
Hence, A + B + BT is invertible and we are done. O

In summary, we have proved the following theorem.
Theorem 3.9. Gy, () is perfect if and only if d =2 and F = Fs.
4 The general case

As discussed at the end of 2, for Question 1.1 we can assume that R is semisimple.
Furthermore, we can suppose that R has the following structure

R = ﬁRz X ﬁMdl(Fz)
i=1 i=1
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Here, R; is a finite field such that 0 < |R;| < |Rg| < --- < |Rs|. Additionally, d; > 2, and
F; is a finite field. With this decomposition, G is the following direct product

GR = HGRI X HGMdl(]Fz) = HK‘RJ X HGMdz(]Fz)
=1 =1 =1 =1

If |R1| = 2, then Gp is bipartite, hence perfect. Therefore, we can assume that |R;| > 3
foralll <i<s.

Lemma 4.1. Suppose Ry, Ra, R3 are finite fields such that |R;| > 3, for all 1 < i < 3.
Then Ggr, x Gr, X Gy contains an induced 5-cycle.

Proof. Let a € Ro\ {0,1}, b€ R3\ {0,1} and ¢ € Ry \ {0,1}. Then one can check that
(0,0,0) - (1,1,1) — (0,a,b) — (1,1,0) — (¢, a,1)
is an induced 5-cycle. O

Lemma 4.2. Let G1,Gs,...,Ggq be graphs and k > 2 a fized integer. Suppose that for
each 1 <1 <d,

Vil = Uiz = Vi3 —> Vg —> - 7 Uik

is a closed path of length k in G; (we do not require that {vij}1<;j<k are different, except
fori=1). Suppose further that the induced graph on {vii,vi2,v13,...,v1%} is a k-cycle.
For each 1 <j <k, let

vj = (vij)1<i<d € G1 X G2 X -+ X Gg.

Then the induced graph on {v;)i<j<k s an induced k-cycle.

Proof. Clearly v1,v9,...,v, are pairwise different and vy — v9 — -+ — v, is a closed
path. Since the induced graph on {v11,v12,v13,...,v1x} is a k-cycle, we see that if i # j
then v1; and v1; are not connected, and hence v; and v; are not connected as well. O

By our assumption that 3 < |R;| < |Ra| < -+ < |Rs|, K3 is always a subgraph of Gg,. By
Lemma 3.4, we also know that K3 is a subgraph of G, 4, (Fy) 88 well. Since K3 contains
a closed path of length 5, G, and G My, (Fy) both contain a closed path of length 5. We
conclude that if R contains a factor of the form My(F') # Mz(F2) or s > 3, then G
is perfect as it will contain an induced 5-cycle. We now deal with the remaining cases,
namely

R=]]Ri x (Mx(F2))",
i=1

where s < 2 and r > 0. For these cases, we have the following observation.
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Lemma 4.3. Suppose that R = My(F2) x F, where F is a field such that F' # Fy. Let
a € F'\Fy. Then the following elements produce an induced 5-cycle on Gr

= (B ) (b e ) (b B 3

Consequently, Gr is not perfect.

For the case R = Ms(Fy) x My(F2) we have the following

Lemma 4.4. Suppose that R = Ms(Fy) x Ma(F2) Then the following elements produce
an induced 5-cycle on G

=@ AE D PB D= R D
(DR

Consequently, Gr is not perfect.
In summary, we have the following theorem which classifies all perfect unitary Cayley

graphs.

Theorem 4.5. Suppose that R is a finite ring such that its semisimplification has the
following decomposition

R* = f[RZ X ﬁMdz(Fz)
i=1 =1

Here, R; is a finite field such that 2 < |Ry| < |Rg| < -+ < |R4|. Additionally, d; > 2,
and F; is a finite field. Then Gg is a perfect graph if and only if one of the following
conditions is satisfied.

1. |Ry1| = 2. In this case, Gg is a bipartite graph and hence perfect.

2. s <2 and r = 0. In other words, either R** = R; or R** = R; X Rs.

3. R% = My(F,).
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