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On the condition of the order of a periodic deriva-
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ABSTRACT

This study aims to investigate the low dimensional complex Leibniz algebras which admit a periodic
derivation. The principal goal of this note is to characterize such algebras and to develop some properties
on periodic derivations. We demonstrate that finite dimensional complex Leibniz algebras admitting a
periodic derivation are abelian or at most 2-class nilpotent. Moreover, we prove that the order of a
periodic derivation in such algebras is divided by 6.
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1 Introduction and preliminaries

Loday [8] in 1993 described Leibniz algebra which is a generalization of Lie algebra. Ja-
cobson [6] has demonstrated that a Lie algebra with characteristic zero satisfying a non-
singular derivation is nilpotent. Conversely, Dixmier and Lister [5] gave an example to
prove that each nilpotent Lie algebra does not admit a non-singular derivation. Since a
periodic derivation is non-singular, Burde [3] obtained that each Lie algebra satisfying a
periodic derivation is nilpotent. By using the explicit calculations, it is seen that some
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2-class nilpotent Lie algebras satisfy a periodic derivation. But it does not hold in general,
this is, every 2-class nilpotent Lie algebra does not admit a periodic derivation. There
exist counterexamples in dimension 7. By using the same methods in [6], the authors in
[4] showed that a Leibniz algebra which has a non-singular derivation is nilpotent. Fur-
thermore, a Leibniz algebra admitting an automorphism of prime period which has no
non-zero fixed points is nilpotent. Our primary beginning motivation is presented by the
work [3] of Burde in 2012 which started the study of complex Lie algebras having a peri-
odic derivation. The principal goal of this note is to characterize low dimensional non-Lie
complex Leibniz algebras having a periodic derivation and to develop some properties of
such algebras. Then we show that a Leibniz algebra which admits a periodic derivation is
nilpotent but every nilpotent Leibniz does not have a periodic derivation. We construct
some examples. In summary, we have shown that complex Leibniz algebras admitting a
periodic derivation are abelian or nilpotent of at most class 2, and further it is proved that
the order of periodic derivation in these algebras is divided by 6.

Throughout this part, some definitions and properties are introduced by using references
[1,2,7,8,9,10, 11, 12, 13, 14, 15]. First, we describe some observations about derivations.
Let (A, .) be an algebra over a field K with characteristic zero and ¢ be its a linear mapping.
If this mapping satisfies §(J.7) = 0(¥).y + 9.6() for every 9,7 € A, it is said to be a
derivation of A. By der(A), we represent the set of all derivations of .A. The definitions of
left and right multiplication operators Iy, r; are described by I (v) = k.y and r(y) = 7.k
for v € A, respectively. Assume that A is an m-dimensional algebra and ¢ is its derivation.
Take a basis B = {k1, k2, ..., km} of A. Depending on this basis, ¢ is denoted by a matrix
(0] = [0i;]. By solving the system of equations

do Tri = T8(ky) + Tk, © d«—do Tri = Tr; © 0= T5(ki) (1)

for all i = 1,2,...,m, we get the entries of the matrix [d]g, so that we find the matrix
(0] = [6;5]. Moreover, the derivation ¢ is said to be semi-simple if 6(k;) = Kk;, for some
linear basis {k1, k2,...,Km}-

If an algebra S over K with the operation [,] : § x § — S holds the Leibniz identity

[H, [677“ = [[’@B])V] - Hfi,’}/],ﬂ] (2)

for every k,,v € S, then we say that S is a (right) Leibniz algebra. The right Leib-
niz algebra is always used throughout this work. Recall that Leibniz algebra is a non-
anticommutative generalization of Lie algebra. As a prompt result, each Lie algebra is a
Leibniz algebra. Given a subspace 7 of a Leibniz algebra S, it is said that 7 is a sub-
algebra if [k,v] € T for eachk,y € T. Moreover, if [k,7] € T and [y,k] € T for every
k € S and v € T, then we say that T is an ideal of S. By Leib(S), we denote the ideal
of S generated by the elements [k, k], K € S. This ideal is called the Leibniz kernel of the
algebra S.

The definition of the lower central series of S is given by the series of ideals
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where for positive integer n, S"t! = [S,S"]. Further, we say nilpotent of class c if a
Leibniz algebra holds that S¢t! = 0 but S¢ # 0. The series of ideals

325(1)25(2)2...25(k)28(k+1)2...

where S(**1) = [S (n) S (”)} for positive integer n, is said to be the derived series of S. We
say a solvable Leibniz algebra S if S = 0 for some integer n > 0. Each nilpotent Leibniz
algebra is solvable. Recall that each non-Lie Leibniz algebra with dim(S) < 4 is solvable
([4], Theorem 6.2).

2 Main results

2.1 Derivations of Leibniz algebras

A K-linear mapping § of the Leibniz algebra S is said to be a derivation of S if §([k,7]) =
[0(k),7] + [k, d(7y)] for every K,y € S. The set consisting of all derivations in S is repre-
sented by der(S). Let k € S. The left multiplication operator I, and the right multipli-
cation operator 7, are defined as [,;(y) = [k,7] and r.(y) = [y, k] for v € S, respectively.
By using (2), it is shown that r, is a derivation, but [, is not a derivation. Indeed,

x([9,7]) = [[9,7], ]
= [0, [v, ] + [0, K], 7]
= [0, ru(V)] + [rs(9), 7]

for 9,7 € S. Moreover, the space Rs = {rx| k € S} is a Lie algebra with the commutator
product.

Let S be one dimensional Leibniz algebra, this is, S = K« for some element o € S. Then
[a, ] = A where A € K. We have

0 = [[a,a],a] = [Aa, o] = N, a] = Na.
Therefore A = 0, that is, [a,a] = 0 and S is abelian.

Lemma 2.1. Let S be a two dimensional Leibniz algebra. Then S is isomorphic to a
Leibniz algebra given by one of the following

(i) abelian,

(1) [91,02]) = —[02, V1] = U,
(iii) [01,02] = V1, [P, 2] = V1,
(1) [92,92] = V1

where {91,Y2} is a basis of S.

By using (1) we find the derivation algebras and the basis derivations of the derivation
algebras.
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Example 2.2. Let S be two dimensional Leibniz algebra with the multiplication table
[a1, 0] = au, (e, ] = a1 on a basis B = {ai,as}. Then {61,02} with 61(ay) = oy and
02(a) = aq forms a basis of the algebra der(S). Let 6 € der(S),

0= (5 52) andlrnds= (o) -bals= (o o)-

By (1), we have 0] o [Fas|B — [Tas]B © [0]8 = 011[ray]B + 021[Ta,]B. Then we get
(511 511) _ (511 + 021 21 + 522) _ (-521 011 — 012 — 522)
o1 022 0 0 021 022

_ (021 Om
0 0

921 = 0,622 = 0,911 = d12. (3)

_ (011 o) _ 10 0 1
[5]B—<0 0>—511<0 0)+511(0 O)‘

Therefore, the basis of der(S) is {01,092}, where §1(a1) = a1 and d2(a2) = ay.

and so that

From (3), we obtain

In dimension two, there are three complex Leibniz algebras and their dimensions are one
or two.

Table 1: Derivations of 2-dimensional Leibniz algebras

multiplication table basis derivations

51: [Ozl, az] = —[Ozz, al] = Q9 (51(041) = 2, 52(0[2) = (/9

522 [Oég, 042] =1, [041,042] = 51(0&1) = g, 51(0&2) = 1

83: [ag,ag] = 1 (51(0&1‘) = %ai, 1 S 7 S 2,(52(@2) = (1

In Table 1, we observe that & is a non-nilpotent and solvable complex Leibniz algebra
and Sy and S3 are nilpotent of class two. Now we observe derivations of three dimensional
complex Leibniz algebras in Table 2. There exist fourteen three dimensional complex
Leibniz algebras and the dimension of derivation algebra ranges between one and four.

2.2 Periodic derivations

Now we present the description of periodic derivation and its properties in this part.

Definition 2.3. Let S be a Leibniz algebra and § be its derivation. This derivation § is
said to be periodic if there is a positive integer n satisfying 6" = id.
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Table 2: Derivations of 3-dimensional Leibniz algebras

multiplication table
81: [043, Oég] =1, [041,043] =1 + g
So: |z, a3] = aq, [ag, a3] = Aoy
[053, 042] = 052[042,063] = —Q9
S3: [z, a3] = Aag, A #0
[042, 043] = o1, [042, 042] =

Sa: [012,043] = Aoy + ag, A 75 0, [041,043] = (9
S5t a1, 3] = g, [, a3] = g

862 [013,013] =, [052,052] =

Sz [ar, as] = ay, [ag, a3] = az

Ss: |as, as) = a1, [a1, a3] = as
So: [Oél,a?;] = 21, [OQ?OQ] = Qq,

[CYQ, a3] —Q2, [a37 CYQ] = 2
S1o: o, ) = o

[ | =
Sii: o, a3] = a1 + ag, [oe, az] = as
Si2: (o, 03] = —ag, (o, a3] = g, [a1, a2] = a3
Si3: (o, a3] = g, [a2, a3] = Aag, A # 0,1

St a1, a3 = a1, [ag, a3] = a2

basis derivations

51(041) =1 + ag,01(a3) = a1, 02(a3) = as

91 (1) = Aaq,01(as) = oy

d2(az2) = ag,d3(a3) = az
51(&1) Oé1,51 (042) = s, (51((13) = —/\Oég + Qs
d2(a2) = a1, d3(a2) = az — 2az3,
53(@3) 2/\042 — Qas3, (54(043) =
61(c1) = a1, 01(az) = az,
52(0[1) a9 52(&2) = A1 + a9
51(0&1) a1 5 (012) = (9,
(52(0[1) a9 (5 (042) =
51(0&1) aq (Oéz) = %Oég,&l(oég) = 5&3
52(&2) a1 (5 (042) = a3,
03(a3) = —ag, d4(a3) = oy
(51(041) = 5 (al = (9,
I3(ag) = o 4(042) = g
51(0&1) = (1 (062) 2042,51(053) 20&3,
52(@1) = Q9 (ag = 041,(53(043) = Q9
81 (o) = T, 1 < i <2,
52(0@):(1 —1 2§z’§3

d1(an) = on,62(a2) = as, d3(as) = as

01(c1) = a1, 01(az) = @z, d2(1) = ag
51(0&1) = 1 1(0[2) = —Q9
51(&1) = 1 (041) = (9,
(53(0&2) = 1 4(@2) = (X9
51(041) = (1 (ag) = (9

Remark 2.4. Let S be a Leibniz algebra satisfying a periodic derivation & with n = 1,

then we obtain

[, €] o([r, €]
= [5(’€)’ 6] + [ﬁv 5(6)]
= [k, €] + [k, €
= 2[r, €]
0 = [k, €,

it follows that S is abelian. Contrarily, an abelian Leibniz algebra has periodic derivations
of any possible integer order m. In fact, only we take 6 = cid € der(S), where ¢ is a

primitive n-th root of unity.

Remark 2.5. Let S be a Leibniz algebra. If Leib(S) # {0}, then this algebra admits no
periodic derivation. Clearly, assume that § is a periodic derivation of a positive integer n

of § and [k, k] € Leib(S).

Then since § is a periodic derivation of S, it is semi-simple.
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Suppose that (k) = Ak, so 6([k,k]) = [0(k), k] + [k,0(K)] = 2A[k, K]. By definition of
periodic derivation, we have X" = 1 and (2\)" = 1. But there does not ezist a positive
integer n. Therefore, this is a contradiction.

Example 2.6. Let S be a two dimensional complex Leibniz algebra with multiplication
[, o] = a1 as Sz in Table 1. This algebra is nilpotent of class two and it has no periodic
derivation.

We focus on non-abelian complex Leibniz algebras having a periodic derivation.

Corollary 2.7 ([3], Corollary 2.3). Let s,t,p € C. Then at least one of the numbers
s,t,p, s+ p,t+p,s+1t+p is not an n-th root of unity.

Lemma 2.8 ([3], Lemma 2.2). Let s,t € C with |s| = |t| = |s+t| = 1. Thent = ¢s where
¢ is a primitive 3rd root of unity.

Corollary 2.9 ([4], Corollary 4.10). Let S be a Leibniz algebra having a non-singular
derivation. Then S is nilpotent.

Theorem 2.10. Let S be a Leibniz algebra which admits a periodic derivation. Then S
1s nilpotent.

Proof. Suppose that § is a periodic derivation of §. Since every periodic derivation is
non-singular, by Corollary 2.9, § becomes nilpotent. 0

Proposition 2.11. Let S be a complex Leibniz algebra having a periodic derivation. Then
the nilpotent of class of S is at most 2.

Proof. Suppose that 0 is a periodic derivation of §. Therefore it is semi-simple. Assume
that 8% =[S, S?] # 0. Then there are eigenvectors r, 9, € of § with eigenvalues s, ¢, p such
that [e, [k, ¥]] # 0. Hence [k, 9] # 0. Therefore 6([k,9]) = [0(k), I]+[k, ()] = (s+1)[x, I].
This means s” = t" = (s +t)" = 1. By the Leibniz identity we may assume that also
[[€, k], 9] # 0, hence [e, k] # 0. Similarly, 6([e, k]) = [d(€), k] + [, (k)] = (s + p)[e, k] and
0([0,€]) = [6(9), €] + [W,0(¢)] = (t + p)[Y,¢]. This means s™ = p" = (s +p)” = 1 and
t" =p" = (t+p)" = 1. We accomplish that all of s,¢,p, s+t,s+p,s+t+ p are n-th roots
of unity. This is in contradiction with Corollary 2.7. 0

Proposition 2.12. Let S be a complex Leibniz algebra having a periodic derivation & with
dim(Leib(S)) = 0. Then the inverse of § is again a derivation of S.

Proof. Since 4 is a periodic derivation of S, it is semi-simple. Assume that {a1,az,...,am}
is a basis of eigenvectors with (51, 5o, ..., Bm. For two non-commuting eigenvectors a; and
a; with eigenvalues ; and 3j, we have 3; = ¢3; where < is a primitive 3rd root of unity.
Furthermore, we get

BB =8 1+ =6 1+ = (B B) (4)

By (4), we obtain §~!([a;, a;]) = [6 71 (a;), aj] + [ai, 67 (a )] O
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Theorem 2.13. Let S be a non-abelian complex Leibniz algebra which has a periodic
derivation 0 of order n with dim(Leib(S)) = 0. Then 6|n.

Proof. Since 4 is a periodic derivation of S, it is semi-simple and as S is non-abelian, there
are eigenvectors k and e with eigenvalues s and ¢ such that [k, €] is a non-zero eigenvector
with eigenvalue s + ¢. Indeed,

I([K,€]) = [0(K), €] + [k, 0(€)] = [sk, €] + [k, te] = (s + t)[~k, €].
This means
st=t"=(s+t)" =1,

so that ¢t = ¢s where ¢ is a primitive 3rd root of unity, by Lemma 2.8. Then we have
s+t =s(1+¢). By raising this to the n-th power we conclude (1 + )™ = 1 where (1 +¢)
is a primitive 6-th root of unity, thus 6|n. O

Example 2.14. Let S be a four dimensional complex Leibniz algebra with multiplications
a1, as] = as, [a2,a1] = a4 on a basis {a1,a2,a3,a4}. This algebra has a periodic
derivation of order siz defined by §(a1) = ca1,d(ag) = ag,d(az) = (s + 1)asz, 0(aq) =
(s + 1)ay, where < is a primitive 3rd root of unity. It is obvious to prove that 6~ is again
derivation. Moreover, this algebra is 2-class nilpotent.

There is no non-abelian one dimensional complex Leibniz algebra. In general, not every 2-
class nilpotent complex Leibniz algebra has a periodic derivation. There are some counter
examples in dimension two.

Example 2.15. Let S be a three dimensional complex Leibniz algebra with multiplications
[a1, a3] = ag, [ag,as] = dag + az, (A # 0 ) as Sy in Table 1. This algebra is 2-class
nilpotent, but it has no periodic derivation.
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